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ABSTRACT

Three different notes are presented here which

new and simple concepts of non-cooperative n-person

tural generalizations of the notions of maximin and

the saddle pints of two-person games. The concept

point appears as a spatial case of one of these.

are related to certain

games. These are na-

minimax strategies and

of the equilibrium

The first note expresses some intuitive considerations for games on

Euclidean spaces. Their characterizations are essentially given by Kakutani!s

fixed point theorem. As a particular case, we examine such points for the

mixed extensions of finite n-person games.

The second and third notes are concerned with two different mathematical

extensions of the resuits obtained in the first note. They are based respec-

tively on Fan’s and Nikaido-Isoda’s ideas of proving the existence of equili-

brium pints for games on real linear topological spaces. In particular, the

concepts introduced in the first note are examined for mixed extensions of

centinuous games. These last two notes involve the use of more advanced

mathematical techniques than does the first.
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I. Let r = (Zl,..., Xn; Al, ...,An) be an n-person

and N = (1,...,n] the set of players where for player

strategy set, assumed to be nOn-empty, cOmPact and convex

and Ai a real function on ~ = X xi is the PaYOff.
icsN

~ denotes the set of all subsets of N , is saidwhere P

game in normal form

ieN , Xi is the

in a Euclidean space,

A function s: NPPN ,

to be a simple

structure function of the game r if for all ieN the set e (i) is included in

the set N - (i). We define re = (r,:) as the game r with sim’P1e‘tincture

function ~ , and to simplify, re is said to be a game. For the player i6N

belonging to the game re , the sets e(i) and f(i) = N-(e(i)U (i]) are

the antagonistic and the indifferent coalitions reFpectivelY. The strategy

Oe.x
N

can be represented for ieN as c1= (Ui,u
e(i)’”f(i)) ‘here ‘ieZi ‘ and

,J a
RR

= X .Xj where R is e(i) or f(i) .
jeR

Given the strategy ue~ ; for ieN let

Ai(ui,ue(i), of(i)))

be a zero-sum two person game whose ms.ximinvalue is

‘i(’’f(i,)
)=max min Ai(si,se(i),uf(i)) .

SiGx.
1. ‘e(i)Sze(i)

If r is a game with a simple structure function ~ , then a strategy

?re~ oft; game r, is called an e-maximin simple stable pint, concisely—

e -simple stable if:
-m



-2- .

min Ai(6i,se(~)>~f(i””))= vi(~f(~)) . :for all i~...iT;;lcVcV
—.w:..itibb~

‘e(i)eze(i)
.,, ‘,’”&5.5a@,,

,. .....,.. -....:,..Aas
.,.,,*+,*...... ...

A s%.degy i+e~ k. ~-sirnple stable of the game ~ ifc@ o& if i; +S’&j;~~:++

equilibrium point of the game F,] where the Psyoff ..:~i.:.‘:!:~~~ = (Xl,...,zn; F.Q...>..n
.,, ...*

. .. ,,
,“

Intuitively speaking, the coalition e(i) of the player &W’: in tha &exe ::..
...

r is the set of’players that can enter into an alliance non.@Q&,razi ,,wi;t.
...,.

W&is :“:
e. ,,,,,.,

the behavior ,ofthe members of the coalition can be.vietid as.”diremtei GO-daIWJS ..
....,..,,,.v
. .

-,,.,,,...
.. ......

hurting player icN in an non-cooperative mariner. The eoalitibn’ f(i) ake ‘Uie;.lU,K..-.1?’.;
.- ,,,,,;,.,

indifferent players. .% ~-simple s$able point.is a rule,of ,beh+$$@r.+~;$~%n @

i f“(i~) to each player.!-ndaF~r.deEt~~”’eri-”&one hand assures at least the”amouit v (~
.,,. ..,,

behavior of the antagonistic coalition,and otithe o+her hand.suck that the.”w.IJ.W& ,,,~
. ,..:...L-

...-.,.,,,

““’“--’””“$vi(~f(i~) is the maximum ss,fetyvalue which tlie.rnentiorieil~~ajc: is ab2e~E6”’@t’.:f,,, ..... .,.....

empty; and

point is an

. ... .

(ii) if each antagonistic coalitioa is void. In the last eaaa such a “””‘?:;’
..’;;‘Xi

equilibrium point.
. .&.

.-.,,,..,.
., .:,
. ,....#
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Tmom: If for each ieN the game ~ satisfies the following conditions:
g

Ei is compact and convex set in an Euclidean space; Ai is continuous in

.,% and

Fi(ui,uf(i))= min Ai(ui, S
e(i)’”f(i))

‘e(i)eZe(i)

is concave with respect to OieiZi for fixed hasUf(i~EZf(i) ; then P:

at least one ~rn-simple stable ~ int.

PROOF: Given OeXN and ieN , we define the set

Ri(u) = (wZN: Fi(Ti,Uf(i

The fwction Fi on the compact set

)= max Fi(si,u
f(i))J “Siex.

1

.i for fixed ur
f(i)exf(i) ‘

is centinuous,

since the function Ai is continuous.on,
%

lf T1 , 72 G Ri (o) , let hT1 + (1-7..) T2 be

and therefore Ri (u) is non-empty.

in Z where he[0,1] . By concavity
v

of the function Fi ‘or ‘ixed ‘f(i)eZf(i) ‘e ‘btiain

Fi(kT: + (1-h)Tf , Of(i)) > max Fi(si,of(i)) ,
Si C.Z.

1

consequently the set Ri (u)~ XN is convex. Let ~ : ~N+\ be a multivalued

function defined by V(a) = n Ri (u) and let rs(k)+ u , T(k)-T be two con-
iEN

vergent sequences in
%

, which are such that for each positive integer

k : T(k)e~(u(k)) . By definition we have for all positive integers k and

ieN : T(k) eRi(c(k)) , i.e.,
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and by continuity of the function Ai :
. ,,,.,-,:......i

?-.......
...- .,,+. ,,

and

Then ‘reRi(u) fOr

‘i(zi(k) ‘ ,“f(i)
(k)) ~ Fi(Ti,of (i))

,,’..’’...

.,, .,.,
. . ., . ...

.,.,....4,.

,., .

:.

!, . . .

- -. ..”$ .*
. :,... *.4
. .. ..:,
.,. .,-,.

: “.::Mi
.. . ..

.- ,,,,...,,.,
. .,..,,.,, :;,,.”

.- .,,.., ,..
,. --- ,,. ,.,,;

.,. . -, . .
.,, . .

. . . ,..,
tk : :::‘::::%.. ,,

K&utiini, since the assumption of this theorem is .satis~.i.e.d”fn? ““:he.?‘Llc’:ion@ ~ ,T{.;.
,,..

.,.,. .-.

and since the set ~ is non-emPtY> compact and convex in”a .>-KZ1l?;.S$ATspx!.ce.It :,‘;”
.,:.

fOllows that there exists a fixed J?Oint ;e~: &~(;) , “:whic?!:.s*r, ~,n-siuple,:::::-.+
,,..,”: ,..,,:

stable pint of the game F . Q.E.B.
.A

~
,-.,.,,L,.

is a game with the simple structure function g , :i:::i~ S’brategY ,Y;::,
.,p,,.

If I’e . ....

Be% is ca~led an_
m .,.......

,‘--~= :-:aSlePint OV:H~.e-minimax simple point or concisely ~ S -:,:-+-- ,,..,,.:*

the game ~e if: . . ..
,,,,,...

where

is the

3
f(i) ‘. ,=”’

T1 (3
i)’ f (i

.,.,,, ., ,.,
-.. . -. ,,,,.,.,.

.. . . ... .
. ... . “ ,,,

- -..., ,Az,,
,-, ,.. .,

,.. ...
. . . . . .,

?“.:?all id ;
,..,,,,.,,...”

min %...,,,,,-
‘X ‘i(Si’Se(i)<af(i ‘ ,.,----

‘e(i)eZe(\) ‘i~zi

of the game r(uf(i)) .

,. .,. .,
-,.,,,.

. . . ., ,.,,,
.,. ,,A

,. ..,:
... .,:.

,,.,,.,,
,, .,,”

-“..,,!.
..-,

-,...
“:w c.G;: m wnish .......Intuitively speaking, an Em-simPle stable Point is a :

,.!,...
on the One hand assures to each antagonistic coalition that itS corre~~~ia~ @aYer ‘..~!,,.

.,-
t,,,,..-,.

. .
.,,........
.,!,..
;

i

,,,.,:;..
,...A:.
,:,.,.,.,,J
,,,,.,
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cannot

on the

safely obtain more than V1(~
f(i)) ‘

other hand such that the value is the

. .

independent of his own behavior and

maximum value that the antagonistic

coalition will be able to safely prevent againstits correswnding player1s behavior

if in each instance all the players of his indifferent coalition abide by it. The

outcome for the player ieN with respect to the strategy ~~~ , gin-simplestable

pint in the game r~ ~ is:

Ai(3 ,;
i e(i)’:f(i)) 5 ‘i(Bf(i)) ~

If every antagonist coalition is empty in the game re , then each strategy

ue~ is an ~m-simple stable point. Another extreme case appears when every indif.

ferent coalition is empty.

THEOREM: If for each ieN the game re satisfies the following conditions:

xi is compact and convex set in an Euclidean space; Ai is continuous in

“’%;
‘i(oe(i)’of(i)) = max Ai(si,oe(i),uf(i))

Siez.
1

is convex with respect to
“e(i)eze(i) ‘or ‘ixed ‘f(i)exf(i) “

Then if for ae~ there is a Te% such that:

re

PROOF:

Si(u)

e(l) f(i)) = Vi(Of(i))for each id ,Gi(T . ,0

has at least one em-simple stable point.—

Given fse~ and ieN , we define the following non-empty

= (T,% ; Gi(Te(i)~of(i)) = min Gi(s 0
e(l) f(i))

‘e(i)eZe(i)

set

1.
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the players of the indifferent coalition of any player abide by the first one, the

second one is minimax for his antagonistic coalition in the resulting game.

TKEOREM: If for each ieN the game re satisfies the following conditions:

.Zi is compact and convex in an Euclidean space; Ai is centinuous in

UC% ; Fi(oi,uf(i)) is concave with respeet to uie~ for fixed Of(i~c.Xf(i~;

and Gi(fJ~ (i~,ar(i~) is convex with respect to Oe~i)eZe(i~ for fixed

‘f(i)ezf(i)
. Then if for each oe% there is a .e~ such that for all ieN:

Fi (~i,uf(i)) = Vi(Of(i)) and Gi(Te(i),Of(i)) = Vi(Of(i)) ,

then the game I?e has at least one gm-simple and Em-simple stable point.
—

PROOF: Let 4 : ~+% be a multivalued function defined by ~(o) = n [Si(U) R~IJ)]
idV

where Si(0) and Ri (o) have been defined previously. For each ae~ , the set

~(u) is non-empty and convex. By the continuity of the function Ai , the function

$ is Upper-semicontinuous, the~ applying Kakutani’s theorem, the existence of a

fixed point 66% :66 ~(~) is guaranteed. Such a strategy is ~m-simple and

~m-simple stable @int. Q.E.D.

is

by

For any established behavior among the players, there is another one which

such that, if all the players of the indifferent coalition of any player abide

the first one,the second one is minimax for his antagonistic coalition and maxi-

min for himself in the resuiting game. Such is a possible interpretation to the

last condition in the above theorem. The outcome of player icN with respect to

the strategy 66~ gin-simpleand ~m-simple stable in the game re is
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-8 -’,, a!.-...5...Wd‘, ..*=.!..**.-..,.,;:...,
‘:~:;;*;+
- --.:+‘“
““;;.:;+7
-**,-J--

Ai (ai,5e(i)’af(i)) ~c$~atisfies: .,,,

,,,
.,

“.::g$:a
‘;:-/:,$:*&~+++:

Vi(3f(i)) s Ai(6ij ae(i)j ‘f(i)“ ~ ‘i”(zf<;~;~-%%,-,,..........
-.,,...-..“J,

,..,.... .,.,,.,.,:A

Such a point we call ~-simple stable. An.~-simple yoint is R rfle of b@%~~q,;-::;,&...$.=.,...,,*

~hieh is ma~imi~ for each player and minimax for his.antagonistic coalitionin%ll%t.ul.... ...*.,,,

~estiti~ game, if in each instance all the l@Ye?s
~f.,~~~,i~~,~,&~ere~&c~a~tia~ V,L.,:

.. .,.
.. ,,,,...,.,=
.,.,..,

-abide by it. “’.!:,’”:. -. .-
.,,.......-. ,..,.....

,,!,.;.,$,.,..,.,.
Au interesting particular case of the,.g-:,simple,;’s+,ap~e;t)ir~~~P~.~~~ ‘~e~,..~’:

.,..,.,.,,,.,,- ,.,.i

.....:
,. -,.

above relations hold as equalities. An immediatie’”f~stit’”’””id’g~:::nh the ?ollowIRg~ ,.:,~
. ..;,

,...
,,, .,

..- .,.,,-

THEOREM: If for each iel’ithe game Fe satisfies th~ .?cllo-~irl~Corfii’&iGUSi:
....,,....

Zi is compact and convex in an Euclidean.space, Ai :: .c:r,ciriwusin
....&i
,,--w...~m,

“’%
0.ai, concave with respect ~ for fixed .(de(i,,ct(ij~ ‘Xe(i)x %-(~’~~~’

-, .,,.
,.,.,

and convex with respect for fixed (Oijo::~l,~~~ ~i X \-(ij :.-,,+
‘e(i)eZe(i)

....
,..,,i,,,,,,.

Then if for each .e~ there is a

Fi@f,”f(i)) = ‘i(cf(i)) and

simple

,...,,.. ,,,,
:“2$
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Such a point we call an n-person ~-simple saddle point or rather a ~-simple

saddle Pint of

for each player

the indifferent

player and each

the game Fe . An ~-simple saddle point is a rule of behavior which
—

ieN is saddle point in the resul.tinggame, if all the players of

coalition abide by it. In other words, it is optimal for each

antagonistic coalition, given the actions of the indifferent coali-
,Qih-e~i~~d ~~t~~si~n Of ~ fi~it~

tions. As a simple illustration, let r~ beItwo person game re with its structure

function defined by: e(1) = [2] , e(2)– = [1] . For this game the existence of

an ~-simple saddle point is equivalent to the following condition: U1 11V2 and

‘2
nv

1 are non-empty, where Ui is the set of maximin strategies for player i

and V. is the set
J

person game ?i =

of minimax strategies for player j ~ i in the zero-sum two-

(~i~ ‘j+i ; Ai) where i,j = 1,2 .

II. In this section, we examine some applications that deal with finite games.

We need the following:

LEMMA: The mixed extension fiE= (~1,...,;n;.E1,...,En] of a finite

n-~rson game re = (Zl,...,Zn; Al,...,An) with simple structure function
—

e such that for each iEN and each ( xi, Xf(i)) . Xi x Xf(i ~ the function—

Ei (Xi,X X ) is linear in x ; for each ieN satisfies the
e(i)’ f(l) e(i)exe(i)

following: Ei is continuous in the variable x e ~ = X :i ;
iEN

Vi(xf(i) ) = vi(xf(i)) for each Xf(i)e Xf(i) = x :. ,

jef(i) J

) and Vi(Xf(i~) are the respective maximin and minimax‘here ‘i‘Xf(i)

values of the zero-sum two-person game

‘(xf(i)) = (Xi, Xc(i); Ei(xi,xe(i),xf(i))] .
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,,

,,. ,,,.,,..-.
-. ...,
,-

. . . . ., .,,.

.. . . . ,..,.. .,.,,,,-, ,+
Then the game “P (x . ) has an e;..ll:~r~-.Feint afi:~@nfOML=.X

f(l) ,,,,. .-.,,.....,,,,,.-.-,,
,.,,-.,.,,.........-.,.,,

- max Ei
*. &i

.11

.:.~,. Xf.(i),e”xf(i

~~i f(i)) =
v (x

. ,.,....,.,..,,,.,,A,,.. .... . .,.-k,,,..d

We no*e that the stro~g conditio~ of linearity,on.@Q
,.,,A,,,,- .,..

sxye2ca;.hm itiction-*?F-neea.,,,.,,.,.,......,,.,
,.

..,,.,,

in the above formul,ati.on~since otherwise the equli”vd”‘J<.tksmaxhin vi(X+&j]~*’L
.-.

andminimax V1 (x
‘..,.........5G”.....”-...”.-.

f (i~) values is not guaran~$e~ ..,
. . . .,,

This fact is illustrated.in the following “@~:::@i3:
,,,. ..-.,......

,. ... -,.-.,..;
,.. ... ,.-,”.,

. ...,,”
,.,..M,*

Given the finite zero-sum.two-person gape -,,,.,.-.
,.. ...

..,.,,.,.,”...

r= {~,~2;A]
.,,-,..
.,.,,,,
..,,4,,.,.-,,......
.-.......

where the strategies sets are

,-,,,,...,...
,...,,,,,,,,-.-.mx

~=zxz, .Z2=”z

--,,- ..,,,...
-. .-,...->,,&.,,--,.,+~.,,,,)&,”i.. ,,
,. .“ --,...,.*.,..,,.,...,,,. .,.,,..L.,.,,.,,,-...,-.......,.,,.,,.,-,->,,,.,,,,,,,,*
,.;,,..,..,,.,,,,

with ~..X = (1,2) and the ~yoff d.efined by
. .,..,..=,...,,.h,,,
,,,,,;,~:,;:.,:;.::y;;,,,,..
.,,,,,...,.........,.,,

1 if
al

=a2 =177 .,.......... ,..,....a
..... ,.WW

u), = [,A(Qlj U2> .3
, ,,,,.,,!,..:,

. .,..,,+
o otherwise,

,.... ...
..“.u
. .+

...,-,.

then by simple arguments of symmetry, one can easil, :::..c.1::tis

,,,-..
?.ollcr:lngequal.ttlti,...,-/,m...-!...+,..,-.,...-.-,.,- ,,

.,--,,...,,,,,.%.,.&
-*

.,,.$

,,,,~-; .,
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max
.-

Xe=

min

yez

Applying the

THEOREM:

each id

is linear

a) There

min E(x,Y) = :

y a

max E “(x.,y)

x&S

theorems together

The mixed extension

and each (xi Xf (i

‘n ‘e(i) ‘Xc(i) ;

_l
Z’”

with the lemmas, we obtain the following resuit.

Y of the finite game F such that for
e e

);xixxe(i) the function Ei (x
e(i)’xf(i))

has the following properties:

is at least one ~fisimple stable

---

‘i(xi’xc(i)’xf(i)) ~ Vi(kf(i)) =

b ) If for each x e ~ there is a y e

PO int ; 6 ~ such that:

Trl(2
f(i))

for all ieN .

~ such that for all ieN :

max Ei(mi> ye(i), Xf(i)) = vl(xf(i))
CDia.

1 /

then 1? has a least one ~m-simple stable point ~e~ such that
e

Ei (=i, >e(i)’~f(i)) ~ ‘i(;f(i)) = ‘i(~f(i)) fOr all ieN .

c) If for x e ~ there is a ye % such that for ieN :

min Ei(Yi,Oe(i),Xf(i))=Vi(X ) )
f(1)

‘e(i)ae(i)

and

e(i)>xf(i)) = ‘i(xf(i)) >max Ei(CDi>Y
Oia.

1

then re has at least one n-person e-simple stable saddle point.—
—
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,

,,.

Au. analogous resultto *hat expressediti:ti+..:iJ

be eaS.IIyobtained ,bya differen% techaiqqk. :,$~il:$~~
!..

such au alternative technique.

. ,,.,..

‘ithXf (i)e”“Xf(i) ‘

PROOF: ‘For isN , consider the continuous function ~Ci

Ci(:i,xf(i)) ~ min ~“x”””’,,~~
‘i‘xi’‘e(i)J f(,~),:

ez
‘e(i) e(i)

p = (xl,...,”xn, cl,. . .,CJ

“by

,.

.,.

in ihe variable (xi)xf {i ))e.xi Xxf(i) . C~ ~~, ~il:xf%? <:1 x ~~ ~ ZQI? “f%ai~
- ... ..,.,.,.,.-,
..... ......,-,A

+f (i )qf(i ) “
By,the +heorem of”Nakaido-Ssbti {~)‘~’ike w!r.c

.........

.,,- .. .,
.. ,...,,..,,-,..,
.........,..,,.&

. ..... . .....*..,, .,.,,.,,,:...&.“.

has au equilibria pint
.,,,,.,.,,,.,,,,-.,,.e.~

:C+,i; i:e..a-.-s----:-~.. .. .,J..,......*L,:
... ..... .,,,”,*
,..,-..-.,,’@ ~$?

rnin Ei(Si> Ze(i), ~r(i)) = ~i(xf(i))
... ....-,..”,,”,.

:’0r %1.1
,,.

id ;:,.~,,,~;,.,;,.~b:;~.’.,,L,,,<W ,,.,.;

‘e(i)eze(i)
......-... ..

With this resuit and

‘here‘fii)C ‘f(i)
guaranteed. Q.E.D.

the fact that

by the minimax theorem, the exis”..’:::neuf ‘X,WGpoint iS .
.,,. ....,

.- ,... #..
... -.,.
,,. ,.’W

. . ,,,, . ,,d#
.... *

.... ,.*!,

., ,,W..*

. .
..... ...4.....
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The Pint in the previous theorem can be intuitively interpreted as an

e -simple stable point of a partially-cooperative game in the following sense,
-m

Each

player is ,guaranteedhis least psition (Ti(=f(i))) , even though the behavior of

his antagonistic coalition could be concentrated on hurting him, in a cooperative

way; if in each instance all the players of his indifferent coalition abide by it.

From u intuitive viewpoint it could be surprising that such a point is an

e .-simplestable point and conversely.
-m

from,the correspending definitions.

We remark that the last conditions

This fact can be easily obtained directly

in the second and third theorems, such as

the correspmrding

when all the sets

in the subsequent resuits, express the same resuits,of:the theorems

f (i) are empty and therefore they have not any value,

() “ Nikaidoj H., and K. Isoda: Note on noncooperative convex games. Pacific
J. ~;h. ~, 807-815(1955).
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SIMPLE STABLE POINTS IN TOPOLOGICAL

LINEAR SPACES

1. By application of a geometric theorem concerning convex sets presented in [1],

Fan in [2] has established under general conditions the existence of an equilibrium

point in n-person games on real separated linear topological spaces.

The principal resuit in the present paper is related to the existence of the

simple stable points, introduced in our recent note [4], of n-~rson games defined

on real separated topological vector spaces.

This result will be obtained by application of a method which is essentially

that due to Fan in [2]. This method uses a generalization of a theorem due to

Fan, concerning convex sets.

As an application of the principal result some resuits concerning centinuous

n-person games will be derived.

2. For our pu~se, we need a generalized form of Knaster-Kuratowski-Mazurkiewicz’s

theorem for a real separated topological linear space Y given in [1].

LEMMA 1 (Fan): Let X be a set

Y. For each xc X , let S(x)

(“i) The convex hull of any

in a real separated to~logical vector space

be a closed subset of Y , such that:

finite subset [xl,...,xm) of X is a subset

Then

of 8 S(xi)
i.1

ii) For at least one x E X the set S(x) is compact.

lls(x)4ti.
Xa’ ”””

By application of this resuit we derive the following.

!CEEOREM2: Let Xl,...,Xn be compact, convex sets, each in a real separated

topological vector space. For each ieN = (1,....n). let h(i) be a subset



:..-.. ,.....,
... ,,. .,.-,

,,,,
.X ,..,..arid.lef XJ’i&J be the projection of x .,in~“’ ‘“’.

,.. ,.. -., .:W...”
,. . ...,,.-,4

{ii ) For each iell ,and xeX

..si(x) = (yex:

the cylinder

h(i )),~s, ~
‘%(i)’y .2

..,,:,
,,.,.,,.,-.

. . .,.,,. ,,.-,
.-,.,.

..... .. .. . .
.,,.. .. .

. . .. ,4.,, .:
... . . ., ..,.+
,.,.,,,., .. ..
. . . . .. ..is open, in X.

(iii) lor each xeX there is

- .,,,,.,..,,,,
.,,.,.., .

... M”

, .,, ... . . . . .

.,, ,,, . . . .

a YFX such.tha%:

for all ieN . .

,,, .,,.,,:
.,.+.+ .,+

..- ,= ,.+:”&
,“. . ,L”. ,,, .“.4
. ,.., :L,u

,,,.,.,.,
.. ., ,,...

. . ...... .. .
. . . . , ,.,

.,. . . .. .
. ,,.,,-,

. %
.. . ..-

,,,.,C
.,,. . . .. .

,, . . ...,,. .. ..b
., .,,

PROOF: For each x6X , consider the cOmPact set A(X) def!n::~us the-co@eti~~~-,..,..A.,,,...,,. ,:...

in X of the intersection of the S1(X) :
,, ....... ,,,%.,, :;:::::;$?

... ,,.......

A(x) = C( i&?(x)) .

By the last condition, the set. (1 A

m XFX

there exists a z = Xa. x(j) , where
,j=lJ

,(x) isern~ty; amiz:wmi’ore

does not belong to the set j~l A(x(j)) . ., .,. .
.’. .,,,,

-,.. .. ..!

,. ,,..

. . . . .a;ieN”:x(j) e Si(Z) : and consequently>

z=



.,

n
which implies that z e n Si . Q.E.II.

i=l

A particular case is immediately derived when h(i)

By simplicity we use xi and X1 for X[il and x(i).

COROWY 3 (Fan): Let X1j...,Xn be non-empty compact

= (i] foreach ieN .

convex sets each in a real

separated topological vector space. Let Slj....Sn be..ndbsets of X such that:

(i) For each i~N and each x6X the cylinder

Si(x) = (ycx:.(Yi,xi) e Sil

is non-emp$y and convex.

(ii) For each ieN and each xeX the cylinder

Si(x) = (yex: (Xi,yi) e Sil

is open in X .

Then i~l Si # ~,.

PROOF: Since for each ieN and each x6X the set Si(x) is non-empty, we can

choose for each idi a y(i) e Si(x) . Therefore for each xeX there is an yeX

such that (YijXi) c Si fOr”each ieN j namely Y= (yl(l)j...jyn(n)) . Consequently,

the requirements of the previous theorem are satisfied. Q.E.D.

A real function f defined on a topological space X is said to be lower-

semicontinuous(upper-sernicontinuous) on X , if for each real number r , the set

(Xa:

*O be

(Xa:

f(x) > r) ([xeX: f(x) < r)) is open,

A real function f defined on a couvex set of a real vector space X is said

quasi-concave (quasi-convex)on X , if for each real number r the set

f(x) > r] ((x&I: f(x) < r]) is convex.



PEDOF:

,>

mom 4: Let xl, . . ..xn

real seFazated to~logic.al

h(ijnil ‘ “,;’.:::”Si = b=: ,fi,[~(i)> x
,,

,,,,,,.,,,

Then on one hand, the cylinders
...

are convex. On the other hand, ,the cYli9&s ,“””““ .,“:”;

‘(i))>ri]Si(x) = (Yex:.fi(~(i)j, Y

. . .. ... ...?
. . ..::”’:.::..-..,.,..

,., ,, ,,,.,, ,.,.,,,:,,,, .-,- ,, .,, ,,::

,. . ... .. . .
. .. ,..,4,,.,

are open in ,x . Furthermore, for each Xa the!e is a Y~ ~’~~h‘~-:~t
....,,,,.y ..
,.,,....

. ..,.,,..,
.,,,,..,.,,,..,...

‘(i)),e Si(Yh(i)?x for each ieN .
,.,,,......,,,:&.,.......,.,-,.,

,. ,.... ....,,:,.,.,.-..,.*
..,,.-,.,,,.3

Hencej theorem 2 applied to the sets. Si ~ &rantees the
,,xj,,,-,~fi~~r&-’.~:fi. ,,,-L,

. ., ,..:

%6X such that: fi(;) > ri for each i~N. Q.E.D.
...

.... ...,,.,.,,,..

.,,....

The condition on the last result of a real valued fmctio~ Is ‘JnrmSeSSar*~# :;v
..,,,+

,,“h,.:,
. ,,*.

restrictive. Indeed, the result is valid for functions with vaj:desin an ~~~......:.:.,.+;......,.,*,,,,.
.,-,...,,,.......+

.. ..... ...
.;
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If, for every ieN , h(i) = (i) , the above result is the same as theorem 2
..

given in [11.

It is interesting to observe that in general,

h(i),,r

gi = inf sup fi (~(i), Y

~h(i)~(i)
i

for every iiN does not imply condition (iii) of the last theorem. HoweYerJ

condition (iii) is assured in the simple case where h(i) = (i) for each ieN .

Therefore, one obtains the following statement (related also in [1]): if, for each
:~

isN > gi > ri , then there exists an &X such tht fi(tijx ) > ri fOr every ieN.

3. Now, we consider as applicationsthe following theorems concerned with simple

stable points of games.

TIE30m 5: Let Xl,...,Xn be non-empty, compact, convex sets, each in a

real separated topological vector space. For each ‘ieN= (1,...,n], let

e(i) be a subset of N- (i] and f(i) =N - (e(i) U (i)) . Let

Al, ...,An be n continuous real functions defined on X > such that for

each icN and fixed x
f(i)

the function Fi defined by
6 ‘f(i)

Ti(Xi,xf(i ) ) = min Ai (Xi,o
e(i)’xf(i)) ‘

‘e(i)me(i)

is quasi-concave with respect to xi G Xi .

Then there exists an ~GX such that

‘i(;i>;f(i)) = ~,% ‘i(ui~xf(i))

11

Such a pint is a ~m-simple stable PCint of the game

for every iGN .

r = {Xl,...jXn;A1,...,An).

PROOF: For each ieN and each 6 > 0 , consider the set



,,.

- lg..-

,.

is own in

is convex.

,x .

Then

and therefore there exists a Pint ~eX such that

-.’..+
..,,,*.-.

.,,,..,,.,
. .,”+ .,,

,S ens
- ..,.,.,..;.A.

for +:-,-=!;.b > 0 .
,L1’ %i

.,,.,
. .,..,,,
....:,,.,..,,,,,

. ..,..,.h,,%;*,,,,,,,,,,,....

Such a point satisfieG
..,,.;..,,,.;.

,... ,.,,::..
. .....,..,,,,

.-,.,..,+
.....,.-

Fi (Zi,x$(i.)) = max Fi(oi,;f~i))“ for e;-r:. ic;i. C+.L.D.
,,,,,,,.,,..+

...,.,,.......

@iGx .
... ..-......

,,.
L, .......!.

.,,,..
,,,,.<

We note that this proof is essentially,that given:,i,-.[2i h%i?h p%xwc?s the ...’-.~:.:

- -.

.. . ., ... .. . . .. .
- ..,. ,. .,.----- ,.,.

. - . . . ... ...~

existence of an .equiLibriUmpoint. The “reason of tliis.::::c.’x%icnis tkat 5.1A:- ~~~~’“,”-,... .....
.,.-.-h

~m-simple stable pint of the game T =

. ..
[Xl>... ,Xn, Al>...,Ar-l 22hteii im.the:“:...;;:’2

.,,....... ,.:
...,,-.,,,,,-.,..

above theorem, is an equilibrium point of the game I’*= [Xl>...jX~#lj... ~,~~~_z~:~~~
-....-.,

and conversely.
.-,.. -----
-. .,. ,,..,

.,...k
.,..,.-.”~,,,,i

T~OREM 6: Let Xl,...,Xn be non-empty, compact, convex sets each in ,a - ,,,‘:
~.:,

real separated topological vector syace. For each ieN = (1;... >12]}
.-,i—
.,*

.,,.-
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Let Al,...jAn be n continuous real functions Ciefinedon X , such that

for each ieN and fixed x
f(i)‘Xf(i)

the function Gi defined.by

‘i(xe(i)’xf(i)) = ~~dx ‘i(mi’xc(i)’xf(i)),

11

is quasi-convex in x . If for each XCX , there is a YFX such
e(i) ‘Xc(i)

that

‘i(ye(i)’xf(i))=
min

‘i(ue(i)’xf(i)) for every ieN ,

‘e(i )&e(i) “’

then there exists a ~~ such that

.-

‘i(xe(i)’xf(i))=
min Gi(oe(i),~f(i)) for every i~N .

‘e(i)ae (i)

Such a point is an ~m-simple stable point of the game

r=

PROOF : The last condition implies

x~ there is a yex such that

(Xl,...,Xn;Al>...,An) .

the following one: for each 8 >0 and each

‘i(ye(i)’xf(i)
) < min

‘i(ae(i)’xf(i)
)+5 for each id .

6X
‘e(i) e(i)

For each ieN and each 5X , consider the set

%,i
= [x6X: Gi(xe(i),xf(i)) < min Gi(u! ,xf(i)) + b] .

e(l,
‘e(i)~xe i)

Let h(i) = e(i) . Then the cylinder

S5 i(x) = (YeX: Gi(Ye(i),Xf(i)) < min
>

Gi (Oe(i),Xf(i)) + 6)

‘e(i)ae(i)

is convex, since the function Gi
‘s ‘Usi-convex ‘n ‘e (i)ae (i) “ ‘ecause ‘he

functions Gi and : min Gi are continuous, the cylinder

‘e(i)exe(i)



..,, .. :,.,,.

. . . . .
. .... ,,

. “.. ,$
. ,..,,.,...,,
.,,- .. .A

iso~nin X. F ins,lly,by the last
,. . ... -. .,

and each x= , there is a yEX suet

and thezefore) there exists a Pint

..,,.
. - . .....

.. ..
:“” .....A

. .,:
,,.. ,,”

,., . . ,,.

. . . . . . ,,-.

Such a point satisfies:

Gi(=e (i)+(i) )= min

‘e(i)sXe(i)

. . .,,.. .,.,
.. .,,....”
. . -...:

,-...’
., ... .,.,
,, .. .

. ,.,. , .,:
. . . . .....

seta~ each-Sii:KZ........,TKKEiFiW7: Let Xl)...,Xn be non-emlty$ compact, vcmfex
....,-,

.... . ,

real seyarated topological vector spce. For ,each iel!= [1,...,3).,:;.AW
.-,,,.....,,.

e(i) be a subset of N - [i] am f(i) = N -“(e(i~ U [~.);. Let A.@&JJ,..,.f.

be n continuous real functions defined On X ~ a“.c~.ifis’ifOr .C&Ch

.,. ,,.,...
““”itK;::......,..,,.

and f‘*ed ‘f(i)6 ‘f(i)’
the function ~~Fi is qu:lsi-wx:ca~+

and the function Gi ‘s ‘Wsi-cOnveX ‘n, ‘e.(i)
Cx,

~\~-:“

. ,.,, ,,..
. . ..,, ..

‘n ‘i-%:ri. .,,...,.
.:, .h,L..,,,.,.”. -

. . ,,.., ..,4,,,=
.. .....,*M,,,.,.,,..,, .,,.. .

.,— ,., . .,+
ic~ .:, ,.,- ::~~E, for each xeX 7 there . . ,. ,. ,,.+*

.. ---- ..... ,?
.,, . .,..-,, ...,.”+
,.. ---- --+:-$

..” . ,... A.,.,Fi(Yi,Xf(i)) = max Fi(tiijx
f(i))

Wiai
-.,. .........

= .4
. . .. . . . ,.”

... - ,,., ... ,,

. . . . .

and
,.. .

..
) ,..min Gi (Oe(i),xf(i

‘e(i)~e(i)

Gi(Ye(i),Xf{i

exists an %X

)
.,,,,,.~
,-,W,,,.

,,, .. ,,.,.:
. . ... .

,,,,. ..
.. .

.,-.such that, for every is.Nthen, there
. . ... .. d.

-- .-!. . .
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---
) = Fi(~i,~f(i))

‘i(xi’xc(i)’xf(i)

= Gi(= -
e(i)’xf(i))

for every ieN .

Such a point in an ~-simple saddle point of the game

r = (Xl,....Xn. A1t. ... An] .

PROOF: SupPse that the function Fi is not quasi-concave in the variable Xia.
1

‘or ‘ixed ‘f(i)6 ‘f(i) “
Then, for a real number h and xf(i) ~f(i)

the set

~A
= (xi e Xi: Fi(xi,xf(i)) >h ]

is not convex, that is, there exist ;i, xi.e:x.
1,

such that for some w G [0,1]:

On the other

Fi(P ~i + (1-w) ~i, Xf(i)) < k .

hand at such pints, one has:

Ai(~i,ue(i),xf(i)) > h and e(i))xf(i)) > h
Ai (ii, (s

for all w 6 x In particular at the point fie(i~e X for which
e(i) e(i) “ e(i)

‘i(p‘i + ‘l-W) ‘i’ ‘f(i)) = Ai(v ii + (1-V) Zi,~e(i),Xf(i)) ~ h ,

we have.
Ai(;i)~e(i)j Xf(i)) > k and Ai (~i,fi

e(i)‘ ‘f(i)
)>h!

This is impossible, since the function A. is
L

‘Xc(i)’ ‘f(i)) ‘Xe(i)xxf(i) . Then Fi is

quasi-concave in xieX for fixed
i

quasi-concave in xieXi for fixed

‘f~i)e ‘f(i) “
Similarly, one can easily prove that the function Gi is qua.si-

Ex
convex ‘n ‘e(i) e(i) ‘or ‘ixed ‘f(i)af(i) “



By the

and.

,.
last theorem, there exists a point ~~ such that”’,;..., ,,,,,,.,.,

.::::,,l:.:,.,.

‘i(~i’:f(i)) = ~~~, ‘i(’’’i;~f())”)”,“ ‘“:
11”

Gi(~e(i)& (i)) = min ‘e(l) ‘f(i))Gi(u ,X

‘e(i)exe(i) ‘

,. ..,.

two yerson game
~(i)) = lY~, y: ; Bi(yl~ Y2~ ) ‘.r(x

where
yl. < = xi , Y* c Y: = Xc(i)

ad
Bi(Y1, Y2) = Ai(xi, Xc(i), Xf(i)) ,.

.,,,
.,...:

Now, for j~[lj2] , let =(j ) be the set definedby ~(j) = k ,,‘ihcre
~ + ~,;-”:

...
....

and kc {1$2] . Then we have l’(j)=~. “,
.. ,,
....,.
.,

je{l,2) , since

convex in y2 G

the continuous function Bi iS quasi-concave.in :-c Y: and Wsi% ..-

Y; (;l, ;2 ) ~ Y: x Y: ~J~fl~~~t

G

, the existence “bf..a point
. ,.,
-..,:.
,.,

is guaranteed.

,-,.;.

Thenjthe ~iat &X obviously satisfies:
..-.
...

.,.,

Ai(=ij~e(i);&f(i)) = max Fi(oi, ~f(i~)

.,,
,.,....

uia.
.,,,-.,~,

1 ..,-
..,

min Gi(Oe(i)J~f(i)) im each id% Q+l%l
.-,

‘e(i)exe(i) ,
.,

,,,

.,,
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We note that the ps.rticular case of theorem 5 applied to the game Fi(xf(i))

in the above proof is a corollary of Sion’s minimaxtheorem found in [11.

k. In this section some applications of the above results to certain kinds of

continuous gatnesare considered.

Let Z be a separated compact space. Then the conjugate space C*(Z) of the

Banach space C (X) of all

separated real topological

by C(X) . !L’heset X of

real continuous functions on Z is a locally convex,

linear space, with respect to the weak top logy induced

regular Borel measures on Z with total measure one:,1s

~om~ct and convex in C*(,Z) with respect to the W* - tOW LOgY.

By using these facts, we obtain from theorem 5 the following result.

COROLLARY 9: Let r = (Zl,...,Zn; Al,...,An] be a game, where, for each iGN ,

‘i
is a separated and compact space, Ai is a real continuous function. Then the

mixed extension ~ = (X1,...,Xn; E1,....En) ,

where for each ieN , Xi is the set of re@lar Borel measures with measure one and

the expectation function is defined by

Ei(~,.. .,xn)=J Ai d(xlx...x Xn)

ZIX...=n

has an ~m-simple stable Pint.

I?ROOF: Consider for each ieN , the multilineal, real function Ei defined on

Xix. ..x Xn , which is continuous. Therefore the function Fi defined by

Fi(xi,xf(i))= min Ei (Xi,O
e(i)’xf(i))

‘e(i)exe(i)

is concave in xi~i , for each fixed
‘f (i)e ‘f(i)

. By direct

theorem 5 to the mixed extension game : , the existence of an ~m

application of

-stable point is

guaranteed. Q.E.D.
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.
,,..,,,*

.,, ,.,
.... .

. ,.,-..,.,..
,,, ,.

In an analogous way, from the theorem 6, we have:

. .
......

... .....4,,. .>...*.,i*”in,.. ,.
,.,..,,”

d

,,,.:::::y~

CCBXIARY 10: Et r = (Z1,...,Zn ;.A1,...,Ai] be”a game, w&I’e -&r ;#Ch $;, :x;
.,,..+.-

Zi is a separated aud compact slate, and Ai
.#!k

is a real continuous .?uzetion.‘,. ,k
,. ,

~ = (X1,...,XQ; El,...,
.....

En] be its mixed extension such that for ::c.chicll...and:.:;.
...:

If for each x e X there is a Y c X ~~ch that for .e~ery i@J
.,..
,,..
.,,.,.

mex Ei(CDi,y ‘ ‘f(i))=
min

e(i) W ‘ifmi’me(i)’xf(i)) .
(Dia.

1
(oi&.

‘e (i)exe(i) 1

Then, the mixed extension .17 has an ~m-stable point=

:.&
.$.
.-”.

. .
,,,,,,:
.,

. -, . ...

.,. ,
~..f

:,, -:?

Finally, frow corollary 8 we immediately obtain:
,..,
. .
,.,.-.:;. .......

COROLJAARY11: Let P = {~,...7Zn; Al,...,An] be a game, whexe f:y’each i611;~,,~:

Zi is a separated and compact space and
. .

Ai a real continuma fUn=tic%l;an! ~~t ‘~’’:f
/$**

,,,...,..,,+.J$

; = (Xl,...,Xti;El>...,Etil
,. ::?:2,...w,.-J,h,.,.,,., ,,

,4,+

be its mixed extension, such that, fOr each ie~ “g:+ Xf(i),y:jqand ~ixed ~~> %& “.,$*.,
..-.,

the expectation function Ei is linear in the Variable Xe (i~e Xe (i,);~~~~ ‘“‘:y:~”
,,.

.,,..,,..,,,-,.
. ,...,,,.,.,,,, .,,,,..,”,

~..”:..::%&-’1.ffor each XGX there is a ya such that, for every id? : ,~,,’ ,..,.W=.&
---.,-H.......

e(i)’xf(i)) = ~e~~e(i) ~~i ‘i~mi’ue(il’x~(~j,}”’, ,,1,max Ei (Ui,Y
.. ,.,,.,:

Oiex
.,,,.,.,,

3’
.“!
..<.“,

and

.. ..,,,

then the mixed extension r has an ~-simple saddle ~,int. :Tb..
.,,,,

We note that if for each ieN , the set e(i) = @ , then corollary 9$ which .1“..,.
,+.

determines the existence of equilibrium point, coincides with the result gtven lqJ
.,.,,
,..,,
“.-.,
,.:,

, ,.- ,,+

... ,#
... .
. .,,

l.;
,
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by Glicksberg [3], which has used a general method of fixed points for multivalued

functions on locally convex> compact linear *OPOlOgical spaces.

From theorem 5 one can easily derive the following result:

COROLLARY 12: Let r = {.Z1,....Zn. A1,...,Afi]be a game,

Xi is a separated ~d compact space, Ai a real cOntinuOus

For each ieN ) let be the set of regular Borel
‘e(i)

where for each ieN ,

function.

measures on ,.

L. =x Xj with measure one. Then the extension
e(l)

jee(i)

.fi = (X1,...,Xn; Hi,..,,Hn]

where the payoff function Hi of ieN is defined by

Hi(xi, ze(i)~~f(i)) = j“ Ai d(xi XZe(i) XXf(i)) ;

‘1 x ‘e(i)xzf(i)

has a pint = e X such that tor all idi:

min Hi (ii,Z
e(i)’if(i)) = ~, ~~~)Eze(i)Hi(mi’ze(i) ’if(i))

‘e(i)~e(i) i..L

— min max Hi(ui,Z
uliexi

e(i)’;f(i)) “
‘e(i)eze(i)

Further related topics are given in [7].



SEFEFQNV2E8
.

,,,..,.,.....,,
.-.!,..4... .. ...

.< ... . . . . ,,.

[1]: Fan, K., Sur u-nTheorem&~M@imax, C.R. Ad..d,
.. ,-..:

Sci...Paris, 2>9,.“3@$@&@.,,,,. ~~-’-+*%---”~1::,:,:=[~:.....
[2]: .TaQ, K., A@ication of .aTheo~ern.Concerning;Sets with C!xi:cxSedJi?+ii~~~‘-{3JU%,

Math. Annal. u53 (189-2o3)1966. “~~ ...-......,,,,,,— . .

[3]: ~licksbewj~.,A FurtherGewr~lizatiOn of the,,l@kutwi Fixed Pc~nL’~heor@lo~”~

.,.,,)

with Application,to I@.shEqwilibrium{Points> FTOC. Amer. >khii.Scy2.~a ~
17’0-174(1952); ,,*,.l.

[4]: Marchi,E., Simple StabilitV of
Nav.Ree. Log. Wart. Vol.

[51: Marchi, E., ~-POini.sfor Games.
ApriL 1967).

I?ote: ~ : german letter

-..,

General n-Ferson’ Games. {To a~~ear ill ‘“ “’ ;;

17, W. 2, June 1967). . :“,.,;,,._.,.,.“’:+$!J
(Toappear in.Proc..Acad. &~.~.ii.S.A. $ ;:!,, .,, ,.,

. .-,,:.

-. ..:
. .- ,,..-
.,.,,- .

,. . .. *,,
- ,.,,.

.,,,
-. ..U

.--. ,

-- .,,.

. . . .

,.. ,

. . 4,, ..,.”

,-

,,, ,

.,, -

-., ”

. u.,
,,,

:,~ti
., .-+”. ,.,

. .
.,,,?

!,

.,.

.5.,.,.~. *-~:,;
i,.,,,,..,*.,..,:.,,.,.,.,. ,,,,..-;,:.

“d%



- 29..

ANOTHER NOTE ON SIMPLE STABLE POINTS

IN TOPOLOGICAL LINEAR SPACES

Ezio Marchi

1. In our recent Nper [2], we established some results concerningthe simple

stable paints of games defi~ed on separated, convex, compact, real topological :

linear spaces. We derived these results by using a generalization of a result

given by Fan in [1], which is concerned with the intersection of sets with convex

sections.

The object of this note is to prove some existence theorems for simple stable

~ints of games given on convex, compact, real topological linear spaces, by using

the same idea used by Nikaido-Isoda [j] in order to prove the existence of an

equilibrium point.

There is certain similarity between the results expressed in this paper and

the respective results obtained by the mentioned technique. However, neiiher the

reSUltS obtained here include the other, nor are included in them.

2. For our purpose, we need the basic result introduced in [3], the application of

which will give the principal R.suits.

THEOREM 1 (Nikaido-Isoda): Let 9 be a real function defined on 2 x Z ,

where Z is non-empty, convex and compact in a real topological linear space,

such that the following two conditions are fulfilled:

(i) For each

in ZeZ .

(ii) For each

Then there exists a

Ue,z , the functions v (0,T) and T (T,‘C) are continuous

TE,z, the function q (u,‘T) is concave in Ue,Z.

point ~e~ such that

cp(t,;) = maxsex w,(s,~)
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,.
.,= ,. ,.,.$,!

.“. ,,,, .

. . . ..,*.

,s

~~~t~ ~~~ , . “’”.,,..,‘“,.....,“. . . . . . ...,, . . ,.,.Y,,,PROOF: Assume that Mere is not a pint having the property just

Then, for each ~GX , there is a @Z such that

r#(T,7) < Q(g,7) .

Let .90 = (~ez: V(T,T) < 9(0,’?)}

., .,,,. . .,...,,..:
. ... . .. . ,- ..,.,

,,. -,,. .. ~..~;
- , .,. -..,

. .. ..
;,

.,:,
---
.;,&
.,-
,.,
,,:,
.,,,
.:.
..:
.-
,

beasetin.. Z.
,,.

q (T,T) in fe.Z fo,r

,. .,,

By the continuity .of 9(~,~) and
- ,,,
“L,. I

,..

.,

..,,

.,, .

.-,,.

there ixists a finite number of 01,...,Ca e

n
u ,eo =.x.
i=l i

Consider the functions

z

>

such.tha~

. ,..,, .:: +-

-. ..:.-
,,,.. ,,*

. . . ..w
.,, .,.,,,

.:.,

““*... ..

.; ,.
,,,,,.,

.,.

.,.
Therefore by definition

n
P(T) = z Pi(T) > 0

i=l

..,A,,*.,,

Let
., ,,~

. ““’i::,,
.,. .

“whichdefinesa fwct ion

‘$:’ E+Z, .,. . ,,
,;+,.,
..

,,”A ,
.,, ,since X is convex.

an,Euclidean space. Then, the a~plication of BrewerIs fixed ~int. to the fvncziofi ,~~“’

the existence of a fixed point ~ :guarantees
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From the last condition we obtain

9(;,;) > T(;,;)

which is impossible. Q.E.Il.

3. Let
I’ = (21,....Xn; A1,o..,An)

be a n-person game where, for each L6N = (1,...,n) the set Xi is nOn-emPtY,

compact; and convex in a real topological linear space and the payoff function ~.Ai

is defined on X = X Xi with values in the real numbers.
iGN

Let
e(i) C N - (i] and. f(i) = N - (e(i) U {i) )

—

be the set of players for each icN , and consider ~ = X .Zj with R : e(i)
jeR

or f(il).

A pint 6GZ is said to be a ~m-simple stable point of the game r if,

for all ieN ,

min Ai(3i,s
e(i)’:f(i)) = }~, ~~)exe(i) ‘i(si’se(i)’af(i)) “

‘e(i)Gze(i) 11

Such a point can be easily characterizedby the f~ctiOn

tJ1(u,T) = ,X F.(cI.,’T
ieN

L 1 f(i)? ‘

where, for each ieN , the function F.~ is defin:d by

Fi(Ui, LTf(i))= min Ai(IS.,S
1 e(i)‘ ‘f(i)) “

‘e(i)exe(i)
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,., :
. ..*.

PROOF:

. ,,.,”

. . . . . . - -.!.-ana only if --- .

~-s imple stable PO id
....

. ...

..
.,.
. .,,,

and therefore,

beIiow,examine

l-ex,

Suppose that

i.sI,

F.

the sufficiency.
;,,

.,
for each . ..

131(?l,a)

there is a

:,5
..,.
,..:.,

>—

T

<

G z and a non-enrpty subset I ~ N “’S--ICE‘thdt
....
,,.

-.:,for each ,.. .,,

Ti(Ti,af(i)) .
.,,,.

?...H.f
. . . . *
. .

I . .,,-..4

Consider the strategy Y e

then the

which is

for all

following satisfied:
..,,
.6

.-,.,.
. . ..

, .+

absurd. Q.E.D.

A point 6 e

idT ,
.,
,,,,,

,,,.,

.,.,.
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msx Ai(si,6
e(i)>~f(i)) = ,~~)exe(i) ~ ‘i(’i’se(i)’dl(i)) “

Siez.
1 11

Introducing for each ieN the function Gi defined by

~ e(i), uf(i)) = m= Ai(si,ue(i),uf(i)) ,G. (u
Siez.

1

then i! is possible to characterize an ~m-simple stable point by the function

02(U,7) = .x [- Gi (Ue(i), Tf(i))1,
ieN

as is illustrated,in the following:

LEMMA3: If for each ad there is a TeZ such that for each ieN :

i e(.) e(i)) = ~)exe
-G (T . ,U

then a &mint 6eZ is a em-simple stab:—

02 (6,3) = max @2(s,5)
,Sez

‘-Gi(se(i)’Uf(i))1 ,

i)

point of the game r if and only if

PROOF: Let 66% be an ~-simple stable p~int of the game 1?. Then, for each

iEN
-Gi(~e(i), ~f(i))= max [-Gi(se(i),~f(i))l .

‘e(i)Exe(i)

Therefore

which implies the I@i.dity of the below equality
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..

and sup~se that there is ,a.non-empty s~bset I C N such that> for each id s ,,’
.1,

By hypothesis, giyen,the paint aez , there exists a mint

for each ieN ,

-Gi(~e(i)’af(i)) = ~)GXe(i)[-Gi(se( i)’3f(i)~] ‘

and therefore, we ~btain

02(3,3) < @2(i,3) ‘.:..:

which contradicts the hypothesis.

An,immediate consequence of

result:

and

Q.E.D.

the Treceeding lemmas is given ia tke f~~~~~ing ~‘ “::....:
.,,,;,,. *.:

~.,.,~,4‘:.? ~,y,,,,,.,,,,, ~:u. ,,1

COROLLARY h: If for each

,.:
OGZ there is a TC.Z SUCh that, for all id $” .,, .‘

....
:,. Y,F-.,:

Ft(7i20f(i)) = s,% ‘i(si~of(i)) .:i
~ .L -,

‘-“.4 %’.3,..,,,.,,
,,,:,.,:,.,.!,

,,..2.::t,;,;:::,!.,,.,:
*:., - !- %

) = max Gi(se(i),Uy(i)) >
,:,~-i,

‘Gi(%e(i)’”f(i)
.,,.
.,,

‘e(i)Gse(i) ;,..,,.“
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and

4! In.this section, we will obtain some general theorems which are concerned with

the existence of simple stable points of n-person games.

These theorems will be obtained as a direct application of the above results.

mom 5: Let r = [Zl,....xn. Al,...,An) be a game, where for each ieN ,

the set Z,i is convex, compact in a real topological linear space, such that

the followlng conditions are fulfilled:

(i) For each ieil

is concave in

(ii) For each ieN

continuous in

(iii) The function

and‘ach‘f (i)exf(i) ‘
the function F. (0.,0 )

,1 1 f(i)

U.ez. .
11

and each u GZ.
il

af(i)ezf(i) “

‘ ‘he ‘Uction ‘i(ui’of(i)
) is

Z ‘i(oi’uf(i))
icN

is continuous in UGt .

Then, there exists an ~m-simple stable POint of the game r .

PROOF: Consider the function..

@l(u,T) = Z Fi(ai,T
icN

f(i))

defined on the set z x x . For each T e x , the f~ction 01(o,‘c) is

concave in @ . On the other hand, the function 01(o,u) is continuous

in Ue,X; and for each UG2, the function 01(u,T) is continuous in 7.G.Z.
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is @aran%eed..

By:Lemina.2, such a

TmOW 6: Let

01(5,3) = max
Se.z

point is an ~m-simple stab,lemint

:,.:!F

is convex,in e.z ,..
‘Ue,(i) e(i) “

,,

(ii) For each ieN and each Ue(i)e~e(i) ‘he ‘Wction ~~f”:eii1’% (i1“

is cent~uo~s in ‘f(i)s%(i) ‘
,,,.,, . .

.,,

(iii) ,The function

~Xd ‘i(~e(i))’’f(i))

is continuous in OG,X. ,,,
. .I’..,..:,:::.:

..”.

.,., .:

(iv) For each rsc~ there is a TE.X such,that for each iEN : ::*>..
-,
..:,

Then, there exists an. ~rn-siml?lestable Point Of the game r .
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PROOF: Consider the function

02(U, T) = ~ [-Gi(ue(i), Tf(i))]
ieN

defined as Z x Z . On one hand, for each TCZ , the function 02(u,7) is concave

in ueZ ; and, on the other hand, the function @2(a,U) is continuous in OGZ .

Furthermore, for each ae.Z, the function 02(IJ,T) is continous in 7GZ .

Then, Theorem 1 applied.to the function @2 guarantees the existence of a

point ~e~ such that

‘32(3,5)= max 02(s,5) .
Sez

ByLemma 3, such a mint is a ~m-simple stable

/

point of the game P . Q.E.D.

THEOREM7: Let I’= {Xl,..., .Zn;A1,...,An] be a game where for each

ieN the set ,Xi is convex, compact in a real topological linear space,

such that the following conditions are fulfilled:

Ii) For each i~N and each
‘f(i)eZf(i) ‘ ‘he ‘Uction ‘i ‘“i}uf(i))

1 e(i)’”f(i)) ‘s
is concave in UieXi , and the function G. (u

convex in u ez
e(i) e(i) “

(ii) For each ieN and every Uia. and o
L e(i)exe(i)

I f(i)) ‘d ‘i (oe(i)Y ‘f(j)) are continuousFi(u.,u

the functions

in
‘fez”

(iii ) The functions

X Fi(oi,of(i)) and Z, G.(u .,0 )
icN

ieN 1 e(l) f(l)

are continuous in Uex .



and

-Gi.(T
e(i)’”f(.i))

&hen, theze exists an gm and

PROOF: Again, consider ‘thefunction

t
- . ...

.“.
em.sim~le stable @int of We ~wie I’. ;;

.,,
.,,,...
..

.O(U,T) = @l(o,’’c).+ y2(rs,’T)
. i,,, .,,

:JI:“::,J&
,?;.4,

\“l’*1
,;.& ;p s,..,

,,,,,,,,,’, ;. ,..;,

defined as X x Z .
i“”gThe function O(a,a) is,continuous in ue~ since t~e ‘~c- .:

-;
tions @l(c,g ) @ @2(u,a ) ,are continuous ,in CIeZ.. Moreover2 si~ce ~iie :,,S

functions 01(a,z ) aud 02(u,%) are continuous in Tez for each oez ~ then,:the
. !.::

.. ,,

function .$(0,T) is continuous in
,;::,.,.‘

TE,X for each ac~ . ,Finally, for:each T@ f:~~
,,..

the function @(rJ,t) is concave in
,.*,,~.,,

asz , siace it is a sum of concave 3mCtiOnf+; .‘
.:..

Then, Theorem 1.applied to the “function @(a;T ) guarantees the existence, &
...

a point ; e X such that
.
. ..,+,
,.,.,
“.-.

..:
h’
- ..
,:

By the last condition, there is a ~eZ such that
,:-,~,,

...:,.

,:,:, , -

On the, other hand, for each ‘rGZ:

and .:!

,... ...-
,.

.
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which implies that

and therefore

and

Then, by corollary 4, such a point }s a e_m and ~m-simple stable pcint of

the game 17. Q.E.D.

The above results are the principal of this paper. We note that Theorem 5

essentially coincides with the theorem of Nikaido-Isoda in [3], since a e -simple
-m

etable pcint of a game r = (X1>....XU. A1,....An] is an equilibrium point of

the game ~ = (Xl,...,Zn; Fl,...>F.n) and conversely.

An.immediate consequence of the last theorem is the following:

COROLLARY 8: Let r = (Zl,...,

COnditiOIE of the last theorem.

max Fi(si,Of(i))=
Siexi

Zn; Al,...,Afi) be a game that satisfies all the

If for each OSX and each idl ,

min Gi(s ,CI
e(l) f(i)) ‘

‘e(i)eZe(i)

then there exists an ~ s@ .~m-bitiple:,stable”’point,~W’”.such that .for.each ieN

‘i(6i’6e(i)’6f(i)) =

Such a pint is called an

‘ax ‘i(si’of(i))
Sisz.

1

min Gi(s
e(i)’af(i)) “

‘e(i)eze(i)

~-simple saddle point of the game r .

Indeed, there are gatiesfor which the additional condition in this last

corollary can be in some sense weakened. In fact, this is possible by using Sion’s

minimsx theorem [1] for games defined on separated, real topological linear spaces.
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